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DISCUSSION OF HIPPED PLATE ANALYSIS, 
CONSIDERING JOINT DISPLACEMENT 
PROCEEDINGS-SEPARATE NO. 182 


Herman CrAeMER.'*—Following World War II hipped plate design was 
12 Civ. Engr., Germany. 

once again undertaken after it had been ignored for fifteen years preceding the 

war. Many investigations, valuable and otherwise have been conducted. 

Mr. Gaafar is to be congratulated for his valuable contribution to the field. 

During the investigations conducted by Mr. Ehlers* and the writer,® * ° 


neues Konstruktionprinzip,” 9. Ehlers, Bauingenieur, Vol. 9, 1930, p - 125. 
5 ‘Der heutige Stand der Theorie der heibentraeger und Faltwerke, in Eisenbeton,”” by H. Craemer, 


Beton und Eisen, Vol. 36, 1937, p. 264. 

Faltwerke,"” by H. Craemer, Beton und Eisen, Vol. 29, 1930, p. 276. 
the effect of the deflection of the edges was greatly underrated. Mr. Gaafar’s 
statements (under the heading, ‘‘Introduction—Previous Theory’’) that ‘“‘ * * * 
the plates were assumed to be connected by hinged joints” and that the con- 
necting moments of the slabs along the edges were ‘‘neglected entirely’ were 
erroneous, however, because it was clearly stated (by Mr. Ehlers and the writer) 
that in the direction normal to the edges, the system behaves like a continuous 
slab rigidly supported at the edges. Thus, the oversimplification does not 
consist in neglecting the continuity but only in neglecting the translation of the 
edges. The comparison of the “approximate theory” with Mr. Gaafar’s 
approach is therefore somewhat misleading. 

The writer has conducted an investigation“ which is based on the same 

13 ‘Design of Prismatic Shells,"” by H. Craemer, Journal, A. C. I., No. 6, February, 1953. 
assumptions listed under the heading ‘‘Limitations.” It was found that the 
behavior of the system depends on the stiffness coefficient, 


in which K is a function of the shape of the cross section and the distribution 
of a load across the latter. If c = 0, the writer’s elementary theory—but not 
the ‘approximate theory” in Mr. Gaafar’s meaning—is correct. If c is infinite, 
the cross section as a whole behaves like an ordinary beam with a linear distri- 
bution of the longitudinal stresses. Thus, there is a gradual transition from 
“pure shell effect” (c = 0) to ‘‘pure beam effect” (c = ©). 

Although the writer’s work" is probably easier to understand than the 
papers by Mr. Gruber,‘ 7 it is necessarily more complex than Mr. Gaafar’s 

4 “Berechnung prismatischer Scheibenwerke,"’ by E. Gruber, Memoirs, International Assn. of Bridge 
and Structural Eng., Vol. 1, 1932, p. 225. 

“Die Berechnung pyramidenartiger Scheibenwerke und ihre Anwendung auf Kaminkuehler,” by E. 

Gruber, Memoirs, International Assn. of Bridge and Structural Eng., Vol. 2, 1933-1934, p. 206. 
work because the writer’s investigation takes into consideration the geometrical 
compatibility along the whole length of edges, thus leading to differential 
equations. 

One of the author’s principal simplifying statements is that the edge-trans- 
lations are sinusoidal. However, since the transverse moments depend linearly 
on the latter, the transverse moments should also be sine waves. For a system 
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approximating pure beam effect, however, this is not correct. This case is 
similar to the case of a narrow rectangular slab supported at the four edges 
and subjected to a uniform load, within which the moments in the direction 
of the short span are sensibly constant except near the short edges. This 
cannot be described by one sine wave. There is too much interaction in a 
prismatic shell between the various statical and geometrical effects occurring 
at a number of edges to allow for a simple approach covering the whole range 
of stiffness coefficients. Mr. Gaafar’s work may nonetheless be useful for 
systems that approximate the pure shell effect. 

For large values of ¢, a first approximation might be the assumption of pure 
beam effect; to this condition corrections to fulfill the geometrical conditions 
might be applied. There is a great need for theoretical research in hipped plate 
design and analysis. 


James M. Pautson," J. M. ASCE, ann L. C. Maveu,'® M. ASCE.—This 


4 Asst. Prof. in Civ. Eng., Wayne Univ., Detroit, Mich. 
18 Prof. of Civ. Eng., Univ. of Michigan, Ann Arbor, Mich. 


paper provides much valuable information concerning the analysis of hipped 
plate or prismatic roof structures which consist of an assemblage of plate 
elements rigidly connected at their edges. Mr. Gaafar asserts (and it is sub- 
stantiated by model tests) that both the transverse and longitudinal stresses 
are influenced considerably by the components of the edge displacements 
normal to the planes of the various plate elements. As the analysis is greatly 
complicated by this distortion of the cross section, it is of importance to deter- 
mine whether such displacements need be considered when uniformly dis- 
tributed forces only are acting. This problem had been investigated by Mr. 
Craemer," although the arrangement of the material and procedure is quite 
different from that given by the author. Mr. Craemer was concerned more 
with the deviation from the linear distribution of the longitudinal stresses (as 
given by the ordinary beam formula) than with the discrepancies in the 
approximate hipped plate theory. Mr. Gaafar has noted that this theory does 
not consider the effect of edge displacements. 

The writers have evaluated the error in the results obtained by the approxi- 
mate method for structures of various proportions when subjected to a uni- 
formly distributed vertical load. In Table 10 a comparison is shown of the 


TABLE 10.—VaALvE oF THE RatTIO s,/s, AT THE EDGES 
OF THE EpGEe BEAMS 


Ratio 


Edge-beam depth, t 0.407 
in feet 


Bottom Top Bottom Bottom 
edge edge ed edge 


—0.028 +0.0092 —0.0019 
—0.19 ‘ —0.015 
—0.56 2. . . —0.098 
—0.87 2. -041 


correction s, of the longitudinal stress caused by edge displacements to the 
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| 
{ 
{ 
> 
0.576 
Top 
edge 
7.5 +0.034 | 
3.75 +0.36 
1.875 +4.52 } 
0.9375 -—-3.43 
4 


stress s, which is obtained by the approximate method in terms of the ratio 
8/8. The term s, is the difference in the longitudinal stress between the 
approximate method and Mr. Gaafar’s solution which considers edge displace- 
ments. The values given in Table 10 are for a structure similar to the hipped 
plate roof shown in Fig. 2. Such a structure is designated as a “three-segment 
roof.”’ Table 10 shows the variation in s./s, at the top and bottom edges for 
various depths of edge beams and for various width-to-span ratios. In the 
computations the width of the structure was kept constant (36 ft) whereas 
the length was varied. The effect of the edge displacements becomes more 
pronounced as the depth of the edge beam decreases, and as the width-to-length 
ratio decreases. In these computations the torsional resistance of the edge 
beam has been neglected as in Mr. Gaafar’s analysis. For large edge beams 
this factor may be appreciable, particularly on the value of the transverse 
moments. 

The variation of the ratio s./s, for roofs with various numbers of plate 
elements with horizontal projections when acting with two stiff vertical edge 
beams of 7.5-ft depth is shown in Table 11. These values are for a constant 


TABLE TABLE 12.—Tue Errect or Epce—-Bream 
Ratio 8./s, FOR A WIDTH- DEPTH ON THE STRESS AND TRANSVERSE 
to-Span Ratio oF 0.288 MoMENT CORRECTIONS 

AND AN EpGE-BEAM 


N | 
KL. i Three- Five- 
rizontal segment | segment 
projection 
2 
3 


Ratio 


* At the top edge of an edge beam in a roof with a width-to- 
length ratio of 0.288. ° At joint C in a three segment roof. 


width-to-length ratio of 0.288 and for a uniform vertical loading. In the range 
of cases investigated, the values indicate that the importance of edge displace- 
ments increased with the number of plate elements. 

The importance of the number of plate elements extending over the width 
of the roof and of the stiffness of the vertical edge beams is further indicated 
by the results given in Table 12(a). 

For a roof with five plate elements and two vertical edge beams, the results 
in Table 12(a) show that the approximate method is greatly in error even 
with extremely stiff edge beams. Evidently, the effect of the edge displace- 
ments on the longitudinal stresses can be several times the stress obtained 
from the approximate method which neglects the edge movement. 

In Table 12(b) the effect of edge displacements on the transverse moments 
is shown for a three-segment roof with vertical edge beams subjected to uniform 
vertical loading. The ratio of M’, (the correction of the moment at edge C 
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7 0.288 | 0407 | 0.576 
4 —1.64 +043 1.875 44.52 | -2.74 411 211 0.72 
5 —2.39 +1.04 0.9375 —3.42 | -3.94 | 5.65 4.69 2.65 


in the three-segment roof of Fig. 2) to M., (the same moment at edge C by the 
approximate method) is given for various depths of edge beams for various 
width-to-span ratios. 


TABLE 13.—VALUE OF THE RaTIO ror Five-SEGMENT Roors 
ap 


Ratio 


0.407 


Table 13 gives results similar to those in Table 12(b) for a roof with five 
plate elements across the width and two vertical edge beams. Table 13 also 
illustrates the importance of the correction for edge displacement irrespective 
of the edge-beam depth or the width-to-span ratio. 

A graphical illustration is shown in Fig. 30 of the effect of varying the 
stiffness of the edge beains and the width-to-span ratio on the value of the total 
transverse edge moment. The values, which are for a uniform vertical loading 
over the entire roof, have been determined by use of Mr. Gaafar’s method of 
analysis. 

A comparison is given in Fig. 31 of the actual longitudinal stress distribu- 
tion at the midspan of a hipped plate structure of 36-ft width and spans of 


Transverse Moments, in Kip Feet 


| 
(a) THREE-SEGMENT ROOFS (0) FIVE-SEGMENT ROOFS 


-6 
0.9375 1.875 3.75 7.50,0 0.9375 1.875 3.75 7.50 
Edge Beam Depth, in Feet 


Fra. 30.—Tue Errecr oF VARYING THE STIFFNESS OF THE Epce Beams AND THE WipTH-TO-SPaN Ratio 
ON THE VALUE OF THE TOTAL TRANSVERSE MOMENT 
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| 
q 
Edge-beam 
depth, 0.288 | 0.576 
Joint Joint Joint Joint Joint Joint J 
Cc D Cc D Cc D 
7.5 —1.42 +1.20 —1.44 +1.07 —1.33 +0.96 
3.75 +0.31 +4.51 —0.70 +2.08 —1.01 +1.13 | 
1.875 +3.16 +10.22 +1.32 +5.39 +0.08 +2.04 
0.9375 +491 +14.40 +3.88 +10.40 +2.38 +4.75 | 
wif / 
{ 
-3 
/ / 
Ww 
LEGEND 
Symbol Span, in Feet Width-to-Span Ratio 
62.5 0.576 
88.39 0.407 
5 J 125.0 0.288 | 
4 
j 
| 


62.5 ft, 88.39 ft, and 125 ft (as given by Mr. Gaafar’s solution) to the corre- 
sponding values given by the ordinary beam formula assuming a linear distri- 
bution of stress. The ratio of the stress, s, (that is given by the author’s 
solution) to the corresponding value given by the ordinary beam formula, 
8s, is shown in Fig. 32 for the top and bottom edges for various width-to- 
span ratios and for various depths of edge beams. It is apparent that the 
assumption of a linear stress distribution is not, sufficiently accurate for most 
structural arrangements. 
Top Edge ——— 


(a) THREE-SEGMENT ROOF (d) FIVE-SEGMENT ROOF 
125.0-FT SPAN 125.0- FT SPAN 


Top Edge 


——— Beam Theory 
Hipped-Plate Theory 


(b) THREE-SEGMENT ROOF (e) FIVE-SEGMENT ROOF 
88.39-FT SPAN 88.39- FT SPAN 


Eave — 
—— Bottom Edge 
Top Edge 
(c) THREE-SEGMENT ROOF (f) FIVE-SEGMENT ROOF 
62.5-FT SPAN 62.5-FT SPAN 


Eave 


Bottom Edge 


+2 +1 0 -1 -2,+4 +3 +2 +1 
Longitudinal Stress, in Kips per Square Inch 


Fic. 31.—Distrrisution oF tHE Stress AT MIDsPAN 
(1.875-Fr-Deer Epce Beam) 


b) 0.9375-FT BEAM | (c) 1.875-FT BEAM | (d) 3.75-FT BEAM 
TOP EDGE TOP EDGE i TOP EDGE a 


Sy 
Sus 


Three-Segment Roof 
— Five-Segment Roof 


Ratio of 


(f) NO EDGE BEAM 
BOTTOM EDGE 


62.55 88.39 125.0625 8839 125.0625 8839 125.0625 8839 125.0625 8839 
Span, in Feet 


Fria. 32.—Tue Errect or Vartovs Spans anp Deprus In THREE-SEGMENT AND 
Five-SeGMent Roors on THE Ratio 89/80d 
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LEGEND — 
/ 
/ 
/ 
/ 
12 
(hy 1.875-FT BEAM | (i) 3.75-FT BEAM (j) 7.50-FT BEAM 
feorrom | | 80TTOM EDGE“) BOTTOM EDGE BOTTOM EDGE 
a EDGE 
| 
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R. GartNER,'*.—The value of Mr. Gaafar’s paper is greatly increased by a 

16 Cons. Civ. Engr., Capetown, Union of South Africa. 
model test. This makes it possible to compare actual stresses with stresses 
computed from various theories. The original theory, which the author terms 
the “approximate theory,” is based on the equalization of stresses in the com- 
mon fiber, and is quite inadequate. This inadequacy can be proved theoreti- 
cally by the following example: 

A 20-ft-long beam composed of monolithic material, with a cross section of 
20 in. by 9 in., loaded with w equal to 1,000 lb per lin ft, is subjected to a 
bending moment of 

M = 20? X 1,000 X 1.5 = 600,000 in-Ib 


The extreme fiber stresses are 


600,000 x 6 


30? <9 = + 1,000 lb per sq in 


f=+ 
Consider two beams, 5 in. by 9 in. and 15 in. by 9 in., on top of each other, 
and connected to act as a unit. The beam 5 in. by 9 in. is on top and carries 
the load and transmits a common stress to the lower beam at the common fiber. 
It is assumed that the stress diagram for each beam is a straight line. The 
stress diagram of the combined beam is determined by equalization of the 
stresses of the common fiber. There will be a shear stress, F, in this fiber. 
The stress in the lower fiber of the upper beam wiil be 
600,000 X 6 


+ 7 — 16000 + 0.0807 (12a) 


and the stress in the upper fiber of the lower beam will be 


f= 
From Eggs. 12 

— 16,000 + 0.089 F = — 0.0296 F 
from which 

F = 135,000 lb 

Therefore, 
600,000 X 6 2 xX 135,000 


= 10,000 in-lb. . 


fo =+ EXD 


fs = — 0.0296 X 135,000 = — 4,000 in-Ib 


2x F 


f.=0+—— 15x97 2,000 in-lb 
The stresses in the common fiber are equal, but the stresses in the composite 
beam are entirely different from the stresses in the single beam. That the 


stresses determined for the composite beam are impossible is shown by the fact 
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that, according to the stresses, the upper beam would be sagging, and the lower 
beam would be curved upward. Evidently, equalization of the common fiber 
stresses is inadequate, and a further condition must be imposed. It can be 
deduced that the upper beam presses down upon the lower, which therefore 
takes a part of the load, relieving the upper beam by the same amount, p. The 
distribution of p in the longitudinal direction is dependent on the deflection 
curve. As the beam deflects (as a result of a uniformly distributed load) p 
will also be uniformly distributed. Therefore, both deflection curves must 
have the same form, both should be sagging, and (on account of the equaliza- 
tion) the common fiber raust have the same length. The two curves are then 
identical. As a second condition, either one point of the deflection line can be 
assumed to be common, or the slope of the deflection lines at any point can be 
assumed to be identical for the two beams. With the load carried by the lower 
beam designated as p, the upper beam carries a load of (1,000 — p). 
The angle of the deflected upper beam at the support is 


(1,000 — p) X 20° X 1.5 —F X25 


X 12. . (15a) 


Ey = 4X2 X12 


and for the lower beam the angle is 


xX 15—F X 7.5 
15° xX 9 


2 
20 x 122% 


Because the angles are equal 
280 p + F = 270,000 
the equalization results in 


14.222 p + 0.11874 F = 16,000 
from which 
p = 844 Ib 


1,000 — p = 156 lb 
and 
F = 33,638 lb 


Computing the stresses from these values in the same manner as previously, 
they prove to be identical to those of the menolithic beam. 

Considering the hipped beam shown in Fig. 3 to be subjected to vertical 
experimental loads of 58.4 lb at C and C’, it is of interest to compute, from the 
given average stresses, the forces which each plate carries in the longitudinal 
direction. The forces are, for plate AB, 


and for plate BC, 
— 


The shear forces are, at point B, 


F, = 180.5 lb 
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and at point C, 

F, = 163.3 lb 
In contrast to Mr. Gaafar’s solution, the load W is (in this case) the load at 
each third point of span L. 


With these loads, the free moments are, for plate AB, 


35 
M, = 3 x 17.1 


and for plate BC, 


My = 2 X 69.5 = 810 in-lb 


The final stresses are, at point A in plate AB, 


199 2 X 180.5 
0.325 


= 1,470 — 1,110 = + 360 lb per sq in 
at point B, in plate AB, 

fa.as = — 1,470 + 2,220 =+ 750 lb per sq in 
at point B, in plate BC, 


810 4X 180.5 2 X 163.3 


=+ 9266 0.455. 0.455 
= 3,050 — 1,590 — 718 =+ 742 lb per sq in... (21c) 


at point C, in plate BC, 
fo.nc = — 3,050 + 795 + 1,436 = — 819 lb per sq in 


at point C, in plate CC’, 


The stresses computed in Eqs. 21 should be compared with those given in Col. 5, 
Table 6. The stress computed in Eq. 21le which should correspond to that of 
Eq. 21d has an error of 14%. If it is considered that the values of pi, po, F:, 
and F; vary slightly, this error is not too large—especially as the difference in 
stresses and deflections measured at the two sides of the model is, at some points, 
as great as 13%. 

If the stresses computed by Mr. Gaafar are used rather than the stresses 
measured from the model, the following approximate values for the forces are 
obtained : 


.. (21a) 
(210) 
| 
| | 
fe.cc’ = 718 lb per sq in........... (2le) 
| 
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W — p2 = 108 — 25.8 = 82.2lb........... (226) 


These values give very nearly the same stresses as those determined by Mr. 
Gaafar. 

Conclusions.—It can be seen that mere equalization of stresses at the junc- 
tion is not sufficient; another condition must be introduced in order to deter- 
mine the actual stress conditions in a structure. The condition that Mr. Gaafar 
introduced seems to be adequate, but may be simplified if the exact equation 
can be used, together with the equation for equalization. Instead of using 
several steps, the solution could be obtained in one operation. More tests on 
larger models would be useful. In the model used by the author there seems 
to have been a slight twist, as the deflections on one side are all larger than the 
corresponding deflections on the opposite side. The method advanced by Mr. 
Gaafar is an important step forward in the solution of this problem. 


Ipranm™m GaaraR,!? A. M. ASCE.—The interesting discussions contributed 

17 Asst. Prof. of Structural Eng., Ibrahim Univ., Cairo, Egypt. 
by Mr. Craemer, Messrs. Paulson and Maugh, and Mr. Gartner are gratifying 
to the writer. 

The historical information to which Mr. Craemer has taken exception is 
true only of the work to which it referred—namely, Mr. Ehlers’ work.? Mr. 
Craemer extended the statements about Mr. Ehlers’ assumptions to his own 
works®*8 which were referred to in another statement. That statement 
contained the facts restated by Mr. Craemer in his discussion—namely, that 
the current approximate theory, or “elementary theory,’”’ assumes the plates 
to be rigidly connected at the joints and takes into consideration the resulting 
transverse connecting moments but neglects the translation of the edges. 

The sinusoidal treatment of edge translations has been questioned by Mr. 
Craemer on the basis that the transverse moments, claimed to be linearly 
related to them, would then be sinusoidal also, which is not true of systems in 
which the pure beam effect is approximated. However, the relation between 
transverse moments and edge displacements is not entirely linear. Transverse 
moments depend in part on the distribution of the external loads on the roof, 
and partly on the relative edge displacements (the word ‘relative’ being 
particularly significant). They are therefore sinusoidal only in the latter part 
which has been thus computed, the former part having been computed through 
the approximate theory in the paper. Moreover, the more nearly a system 
approximates a beam, the smaller are the relative edge displacements; these 
relative displacements disappear entirely in the case of a pure beam system. 
Thus, in systems in which the pure beam effect is approximated, the sinusoidal 
part of the transverse moments nearly vanishes. 
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Can the proposed hipped plate theory be applied to a system having 
dimensions and load distribution such that the structure deforms like a beam? 
Will the proposed theory yield zero relative edge displacements and con- 
sequently indicate the longitudinal stresses computed by the pure beam theory 
or approximate theory? That this is so will be shown by applying the proposed 
theory to a pure beam system as follows: 

Example No. 3.—The forces acting on a small element length dz of a beam 
loaded with a load w pounds per unit length, the beam cross section, and the 
shear stress diagram on that cross section are shown in Fig. 33. By equating 
to zero the moments about point u of all forces — on prism 1 1 2 2, shown 
in Fig. 33(6), one may write 


y dA (y— D) — dx =0 


in which V’ is the vertical shearing force acting on the shaded area, A’, of 
the cross section and y is the centroidal distance. Therefore, if prime super- 
scripts designate properties of the shaded area in Fig. 33, 
I 
The dimensions of the cross section of the aluminum model are given in 
Fig. 34. 


The moment of inertia of the sectional area of the plates AB and A’B’ about the 
neutral axis is 


w Lb per In. 


(a) SHEAR (b) FORCES ON (c) CROSS SECTION 
STRESSES A BEAM ELEMENT 


Fic. 33.—Srress a Beam 
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Thus, by Eq. 24, the portion V’ carried by side plates AB and A’B’ is 0.472 V 
Ib. That is, under pure beam behavior, plates AB and A’B’ carry 0.472 of the 
total load on the model. 

The aluminum model will be analyzed for a uniform vertical line load of w 
Ib per lin in. of the model, distributed along the edges in such a way as to 
produce pure beam deformation. The line-load distribution is shown in 
Fig. 35. 

If the structure deforms as a beam, the analytical stresses at the midspan are 


35? |. 2.945 _ 
and 


Analysis by Proposed Theory.—The P-forces, the free edge bending 
moments at midspan, and the free edge stresses for the different plates are 
computed in the same manner as in Example No. 1. 

The free edge stresses are corrected to include the effect of edge shear forces 
by the procedure of Table 2. The stresses after correction are: At edge A, 
+ 125.8 w; at edge B, + 16.4 w; and at edge C, — 59.75 w. These are nearly 
the same values as those of Eqs. 26. 

In determining the effect of the relative displacements of the joints on 
stresses, all computations and results given in steps 2 and 3 of Example No. 1 
are applicable. Hence, as in Eq. 6 and Fig. 14, 6.2, = — 0.533 X 107° w 
— 0.457 A, and 65. = + 0.265 107? w — 0.2195 A. 

The same geometrical relation of Example No. 1 applies herein—namely, 
A = 1.186 6.. + 2.2071 6... Substituting the values for 6., and 6,, in this 
geometrical relation yields 2.026 A = (+ 0.585 — 0.633) 10-° w, or A = 0.0, 
the required condition for pure beam behavior. The values between the 
parentheses should have yielded zero; the discrepancy corresponding to an 
average of 2.5% change in approximate-theory stresses is caused by the small 
original difference between approximate-theory stresses and beam-theory 
stresses, and by slide-rule inaccuracies. 


Example No. 4.—The aluminum model loaded with uniform line load w/2. 


Ib per lin in. of edges C and C’ (Fig. 36) has been analyzed by first assuming 
pure beam behavior as in Example No. 3 and then applying the two corrections 


w w 
0.528 0.528% 


Neutral Axis 
(Beam Theory) 


Fic. 34.—Dimensions oF Cross Section, Fia. 35.—Loap Distrrsution, Beam Errect 
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explained in the paper (under the heading, ‘‘Hipped Plates Compared with 
Ordinary Beams’’) and designated therein as corrections (a) and (6). Loads 
for correction (a) are shown in Fig. 37 and resemble those for correction (b) 
due to A, shown in Figs. 10 and 11(a). The stresses in terms of A due to the 
latter correction are the same as those due to A in any of the previous examples; 
and the stresses due to the former correction (a) are proportional to them. 
The procedure used in Example No. 1 in steps 4 and 5 serves to give the final 
results. The final stress values have been computed and appear in Table 14, 
Col. 5. The same problem has been analyzed by the proposed-theory pro- 
cedure, and the results are given in Table 14, Col. 8. 


TABLE 14.—Maximum LONGITUDINAL STRESSES AT MIDSPAN 
ExaMP.Le No. 4¢ No. 2¢ 


Beam-Theory Approach 
Approximate-Theory 


Approach 
Corr’ns. | Final 
Corrections (a) +(b) | Values 


(10) (11) 
— 92.2 | + 47.5 | —105.0 | —152.0| + 47.5 


+205.3 | —106.5 | +117.5 | +221.8 | —106.5 | + 
—236.0 | +122.5 | + 10.5 | —110.2 | +122.5 |) + 


@ All values are to be multi lied by w, giving stresses, in pounds per square inch. » Values computed 
by the approximate theory. values resulting from relative displacements of joints. ¢ Values computed 
by the proposed theory. °¢ Suetent in pounds per square inch. 


Example No. 2 has been analyzed from the beam action approach, and the 
results are given in Table 14 for comparison with those of Table 6. Although 
both approaches (Table 14) lead to practically the same results, the proposed- 
theory approach, being the shorier, is the better. 

Any single-span, symmetrically loaded hipped plate system can be solved 
by the technique of the proposed theory either by beginning from the pure 
shell effect (as in the writer’s paper) or from the pure beam effect, and correct- 
ing for external load distribution and edge translations. 

These examples answer Mr. Craemer’s question as to the range of applica- 
bility of the analytical treatment developed in the paper. They show it to be 
generally applicable within the working conditions defined. Although ap- 


‘2 0.4722 0.4722 


Fie. 36.—Loap DistrisuTion For Exampie No. 4 Fie. 37.—Loaps ror Correction (a) 
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plication of the method is generally possible, it is not always advisable. To 
eorrect for relative edge displacements where they are too small will not be 
worth while, and the approximate theory will be accurate enough. Mr. 
Craemer’s investigation" serves to indicate qualitatively where the proposed 
theory might profitably be applied, as is also indicated by Messrs. Paulson 
and Maugh in their valuable discussion. However, the writer does not consider 
Mr. Craemer’s method a safe indicator for systems that approximate a beam 
since a beam system will become a hipped plate system through a slight change 
in the distribution of loads. In Example No. 3, for instance, if the loads on the 
joints are made 0.5 w/2 each, instead of 0.472 w/2 and 0.528 w/2, the plates 
will rotate slightly, and the system will become a hipped plate system although 
w—the practical indicator—remains unchanged (w = L/H vt/h). The system 
of Example No. 3 has been changed to a hipped plate system in Example No. 4 
by changing the distribution of loads. This shows clearly that a pure beam 
system is a special case of a hipped plate system, not a limiting case as indicated 
by Mr. Craemer.'® 


nr oe of Prismatic Shells,’ by H. Craemer, Journal, A.C.I., No. 6, February, 1953, p. 558, 
ig. 11. 


It is interesting to compare the conclusions Messrs. Paulson and Maugh 
deduced from examples they solved using the proposed theory with similar 
conclusions deducible from the paper by Mr. Craemer.'* Studying Fig. 11 
for open sections in Mr. Craemer’s paper,'® the deviation of the longitudinal 
stresses (when edge translations are considered) from those due to the ap- 
proximate or pure shell theory (w = 0) is seen to increase as w increases. 
This result agrees with the conclusions reached by Messrs. Paulson and Maugh 
using the proposed theory—namely, s/s, increases as L increases, as the depth 
of the end beams decreases, and as the number of plates increases—that is, 
as h decreases. The writer is especially interested in the agreement between 
results obtained by the two entirely different methods of treatment of Mr. 
Craemer and the writer. 

Mr. Gartner has used the average longitudinal stresses measured at the 
edges of the model (Fig. 27) to compute the forces resisted by each plate in 
the longitudinal direction and shows his results in Eqs. 18 and 19. These 
forces are used to compute the stresses in Eq. 21. However, in this computa- 
tion, Mr. Gartner has overlooked the fact that the average measured longi- 
tudinal stresses as shown in Fig. 27 are not exactly linear across each plate. 
The corresponding strains appear in Fig. 23(a). This oversight explains the 
discrepancies in the values of stresses obtained in Eq. 21. The slight curvature 
was considered in the check given in Table 9. 

Mr. Gartner’s observation that the deflections show a slight twist in the 
model is correct. The twist is so slight that its effect on the results is negligible. 
However, Mr. Gartner’s suggestion concerning the use of the exact equation 
for simplification is not clear. His suggestion of eliminating the steps and 
reducing the method to one operation is, in the writer’s opinion, out of the 
question. 
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DISCUSSION OF LIVE LOADING FOR LONG- 
SPAN HIGHWAY BRIDGES 
PROCEEDINGS-SEPARATE NO. 198 


Louis BaLoae.*—Specifications for the design live load of long-span highway 
8 Cons. Engr., Binghamton, N. Y. 
bridges are incomplete without simultaneous reference to the permissible 
structural deformations. When the recommended live loads (listed in Table 
4 and shown in Fig. 4) for computing deflections in accordance with the 
AASHO specifications (12)* are used, bridges result that have an excessive 


% Numerals in parentheses, thus (12), refer to corresponding items in the Bibliography at the end ‘of 
this discussion. 


vertical rigidity. The importance of the consideration of the actual deflection 
is indicated by the proportions and behavior of the bridges listed in Table 6. 
Schematic cross sections of these bridges are shown in Fig. 5. 

The slender girder bridges built in Germany and listed in Table 6 could 
not have been built if their design live loads (which also included railway 
loadings) had been used in computing the permissible deflections in conformity 
with the AASHO specifications. It is always possible to satisfy the require- 
ments pertaining to reasonably allowable stresses for the design live load if 
proper specifications permit deformations consistent with the safe use of the 
bridge. 

Vertical Deflections.—The relation between the deflections caused by the 
design live load and the deflections caused by the actual live load is indicated 
by the results of the measurements made on the Kéln-Deutz Bridge during the 
period from January, 1949, to March, 1949 (13). The movements of targets 
attached to the bridge at sections A and B were observed with a theodolite 
located as shown in Fig. 6(a). Figs. 6(c), 6(d), and 6(e) show the measured 
maximum vertical deflections (increased by vibrations) caused by peak 
traffic containing moving load concentrations (of weight and length shown) at 
recorded locations. The bridge was not noticed to have moved laterally. 
The smallness of the largest values of the measured deflections furnishes a 
scale for the improbability of the occurrence of design live-load deflections. 


TABLE 6.—Continvous PLate GirDER BRIDGES 
witH MoNOLITHIC STEEL FLOORS 


Span-to-Deptu Ratio® 


Year | Length of Lenora oF Spans, In Feet ror Loncest SPAN 


Bridge Location 
. com- girder, in 
(Germany) pleted feet* 


K6éln- Deutz 1434.75¢ 
Bonn-Beuel 19 1292.64¢ 

Kurpfalz, Mannheim 5 613.52° | 184.05 
Disseldorf-Neuss 1351.70¢ | 337.925 
Smidt, Bremen 724.404 | 207.5 


« Center to center of end bearings for the main river unit. ° Average outside depth of steel. © Riveted 
construction. 4 Welded construction, riveted field connections. 
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= Span 1 | Span 2 | Span 3 | Span 4} Midspan Support 

605.15 | 396.09 57.9 24.0 
i 643.04 | 324.80 65.0 24.0 

245.40 | 184.05 54.8 23.7 
/ 675.85 | 337.925 61.9 26.3 
] 100.2 | 100.2 49.2 41.7 41.7 
q 
| 
| 
} ; 


167.6 fe 59.1 91.9 — 98.9 — 925 Ft» 


Koln-Deutz Bonn-Beuel Kurpfalz, Mannheim Dusseldorf-Neuss Smidt, Bremen 


Fie. 5.—Scuematic Cross Sections oF THE Bripor Listep In Tanie 6 


15.75 ft 19.68 ft 15.75 ft 
Theodolite Section B Section A 


433.51 ft 605.15 ft —+rle396.09 Total Design Live Load 


Mann b of 5850 Lb per Lin Ft 


Maximum ? 18.66 In. 27.28 In. 
rico (a) ELEVATION OF BRIDGE (b) DESIGN LIVE LOAD 


in Seconds 
AL LLL LIAL LALLA LAL LLAL 
o 


Moving Load, & 8 R 
in Kips a= 
Length of Load, £293 33 235 


n Feet 
(c) SECTION A (e) SECTION B 


Peak Traffic 
Deflection 
in Inches 


Fic. 6.—Desien Live Loap, Measvrep Peak LoapInes, AND Maximum 
or Bripce at KéiN-Devrz (Germany) 


The measured maximum deflections at sections A and B were 1/2,790 and 
1/4,360 of the span. In contrast, maximum deflections of 1/266 and 1/279 
of these spans were computed for the design live load (14). The computed 
design live-load deflection of the Diisseldorf-Neuss Bridge is 1/230 of the 
center span (15) and those of the Kurpfalz Bridge are 1/359 and 1/488 of the 
center and side spans, respectively. The AASHO specifications (12) limit the 
deflection caused by the design live load plus impact to 1/800 of the span, 
and thus rule out the aforementioned bridges which are sufficiently rigid. 
These bridges are also eliminated by the requirements for the span-to-depth 
ratios of girders. 

The accuracy of evaluating the magnitude and location of the traffic loads 
on the Kéln-Deutz Bridge received consideration. The deflections computed 
for the traffic loads (without knowledge of the measured values) were in 
satisfactory agreement with the measured values when a composite moment 
of inertia was used in the compressed lengths of the concrete flooring. When 
only the moment of inertia of the steel sections was used, the computed values 
increased 15% at Section A and 6.5% at Section B (13). Three significant 
facts have to be considered relative to the deflections of this structure: (a) The 
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design live-load deflection is three times larger than that permitted by the 
AASHO specifications (12). (6) The actual maximum measured deflection 
was less than 10% of that caused by the design live load. (c) The bridge is 
so stiff torsionally that its tilting is negligible. 

Torsional Deflections.—The design live load located at the half width and 
full length of the center span produces 0.13% maximum transverse tilting of 
the Kéln-Deutz Bridge. With a similar load at the center span and at the 
opposite half width of the side spans of the Diisseldorf-Neuss Bridge, the 
maximum tilting is 0.4% (15). Test loading with vehicles weighing 1,450 lb 
per lin ft placed along the curb in two thirds of the center span of the Kurpfalz 
Bridge pftoduced a maximum tilting of 0.21%. The moment caused by this 
loading was slightly greater than 20% of the maximum torsional moment 
produced by the design live load. 


}e—Design Live Load—o Box Girder A Diaphragm }+—Design Live Load— 


Box Girder B 
337.9 ft 675.9 ft 


103 844 kip ft (a) PLAN 


75 462 kip ft Box Girder A 
Box Girder B 
8 


(6) MOMENT DIAGRAMS 


7.—Errect oF DraPHRAGMS IN TorsionaL LOADING 
or Bripge at Disse.vorF (GERMANY) 


Fig. 7 shows the loading producing the maximum computed transverse 
tilting of the Diisseldorf-Neuss Bridge and the corresponding moments (15). 
It appears that diaphragms 20 ft long, two in the side spans and three in the 
center span, greatly equalize the moments between the two box girders. In 
the Smidt Bridge, cross frames, 23 ft long, spaced 68.9 ft and 78.7 ft in spans 
of 367.5 ft and 207.5 ft, respectively, assure that the four webs of the two box 
sections, about 23 ft wide and 8 ft deep, carry approximately equal shares of 
the torsional loadings of the bridge. The torsional deformations of these 
slender bridges are small. 

Vibrations.—The vibrations of the spans of the Kéln-Deutz Bridge resulting 
from rail traffie could be detected only by instruments. Occasionally, light 
trucks caused noticeable, slight vibrations of the longer side span. Vibrations 
of small amplitudes and frequencies of from 20 eveles per sec to 30 cycles per 
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sec were observed at the handrails located at the ends of the 15-ft-long brackets. 
The computed natural frequency of the bridge is 0.4 cycles per sec and, with 
the design live load placed over the entire bridge, the fundamental frequency 
is 0.3-evele per sec (14). 

German highway-bridge specifications (16) limited deflections to 1/500 
of the span and permitted larger deflections for long spans without defining 
the limits of the deflections. Giving primary consideration to the fact that 
the slow vibrations of bridges were unnoticeable, Fritz Leonhardt made 
reference to the low natural frequency of, the bridge and suggested that the 
permissible relative deflections of long-span bridges of low natural frequency 
be larger than for shorter spans of higher natural frequency (14). The be- 
havior of the Kéln-Deutz Bridge justified the basic characteristics of the design. 

The experiences gained in the construction of the Kéln-Deutz Bridge were 
utilized in the design of bridges built subsequently. The 4.72-in. concrete 
flooring (with exposed riding surface, anchored to steel-plate flanges having 
an area of 50,000 sq ft) was replaced by an asphalt flooring. Instead of rigid 
mortar connections between the precast elements, bitumen joints were used. 
The Kéln-Deutz Bridge and the bridges built subsequently advanced girder 
design beyond the proportions the use of which was retarded in the United 
States. 

Vibrations occur in all bridges. A 250-ft simple, camel-back truss span 
(weighing 7,000 lb per lin ft) has been observed to vibrate in a noticeable 
no-node motion during the passage of a small empty truck over the bridge. 
Vibrations contributed to the breaking of hangers and other members of 
bridges in the 100-ft to 600-ft span range. The common features of all these 
spans were excessive depth and frame effect of the broken vertical member 
in direct contact with the vibrating floor beam. 

A large amount of work has been accomplished in measuring the vibratory 
behavior of bridges (17) (18) (19) (20) (21). It has been predicted that 
developments in highway traffic will necessitate improvement of the dynamic 
characteristics of vehicles and structures. The actual effect of the vehicle 
on the structure is not expressed by the weight and the impact factor. The 
response of the bridge to these effects, however, depends on structural pro- 
portions and arrangements influencing dynamic behavior. 

Conclusions.—The probability of the occurrence of the design live load 
decreases with increasing span and varies with bridge locations. Deflections 
and vibrations caused by the actual traffic govern the satisfactory behavior of 
long-span bridges not subject to objectionable wind vibrations. 

Traffic-load observations and deflection and vibration measurements 
should be simultaneous in order to avoid the formulation of inconsistent 
specifications that arbitrarily limit the structural proportions and deflections. 

The refinements in ‘balanced design” involve unattainable accuracy in 
making, shaping, fabricating, assembling, and erecting structural steel. These 
refinements are also unsuited for defining the factor of safety of various struc- 
tural arrangements. Assuming standard quality materials, workmanship, and 
reasonable details, the magnitude of the stresses depends on the distribution 
of the actual loads, and the amplification of the stresses depends on the vi- 
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bratory characteristics of the loads and of the structural arrangements. The 
specification of allowable-stress computations which only complicates the 
design should be avoided. 

Specifications that do not agree with the actual behavior of structures 
hinder the use of existing knowledge. They present an obstacle to the use 
of available materials and to the development of efficient structural arrange- 
ments. The infrequent issuance of specifications and the rapid advances in 
structural techniques demand that any specification which is issued contain 
specific statements concerning its limited validity. 
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GLENN B. Wooprurr,? M. ASCE.—The writer appreciates the immense 
* Cons. Engr., San Francisco, Calif. 

amount of work performed by the authors and joins in the hope that there will 

result a standardization of specifications for long-span highway bridges. It is 

also hoped that further work may develop data that will lead to the improve- 
ment of specifications for bridges of shorter span. Although the chief purpose 
of the authors has been the proposal of a loading for long-span bridges, consid- 
eration has been given to related subjects. 

Certain data and conclusions obtained by the authors can be summarized 
as follows: 


1. The AASHO H20-S16-44 loading is accepted for spans of less than 600 ft. 
Assuming an increase of } in this loading, an allowable base stress of 24 kips 
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per sq in. for carbon steel is proposed. 

2. The greatest loads (where more than one vehicle is involved) occur when 
traffic is stalled. Under this condition there are no dynamic forces. 

3. On traffic lanes restricted entirely to commercial traffic, the percentage 
of the heavier vehicles is very small. 


It can also be stated that: 


a. It is the concensus of highway engineers that it is not economical to 
design pavements for loads exceeding legal limits. Unfortunately there will 
always be some cases of illegal loads exceeding such limits. 

b. There exists little definite knowledge as to the magnitude of dynamic 
stresses in highway bridges. Such data as is available indicate that the AASHO 
specifications are conservative in this respect. 

c. The history of both highway and railway bridges has been that of over- 
designed trusses and girders in comparison with the design of the floor system. 


The writer endorses the opinion of the authors that the design should be 
based on the largest combination of stresses that are probable during the life 
of the structure and should use the greatest unit stresses that are prudent. 
The authors mention various methods of achieving the result, but fail to men- 
tion the method which assumes the greatest probable live load and combines 
the stresses therefrom with those produced by other forces. Moreover, there 
appears little logic in restricting this proposal to “large structures.” If a given 
unit stress is satisfactory in the chord of a long-span bridge, it should be even 
more conservative in the flanges of a plate girder or rolled beam. 

The safety factors listed in Table 5 may be misleading because no provision 
is made for increase of live load. If the live load were increased by }, the factor 
would become 1.5 throughout. In addition to stresses produced by dead, live, 
and dynamic loadings, other stresses result from lateral and longitudinal forces 
and from changes in temperature. The stresses are not uniformly distributed 
across the member (22)% (23). 


* Numerals in parentheses, thus: (22) refer to corresponding items in the Bibliography at the end of 
this discussion. 


The safety factors also may be misleading because the upper yield point, 
as determined by the mill ‘drop of beam” test, is above the true elastic limit. 

It is wasteful to use a stress of 18 kips per sq in. for A-7 steel, but an increase 
of 4 is not recommended unless an allowance is included for the effects pre- 
viously listed. 

There are considerable data enabling the engineer to evaluate the heaviest 
probable single vehicle. From this point, the matter becomes one of selecting 
the most severe probable combination of these loads in a single lane, and then 
of combinations of these heavy loads in additional lanes. For a single lane, it 
appears logical to assume a vehicle (type S-2) loaded to the legal limit, and to 
add 4 to allow for illegal loading and other ‘‘unmeasurables.”’ To this loading, 
it would be necessary to add an allowance for impact. For longer spans, an 
unusual (but possible) situation would be for any combination of three vehicles, 
one as previously described, the other two of the same type but loaded to legal 
limit, to “‘close up.’’ In this case, no impact would be involved. 
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Assuming that the ultimate or maximum live loads are being considered, the 
H20-S16-44 loading—as well as those loadings recommended by the authors— 
appears to be inadequate. However, the probabilities of simultaneous loading 
in the other lanes are such as to justify a greater reduction than that permitted 
by the AASHO spevifications. Accordingly, the writer proposes the following 
loadings: 


1. Single Lane.—A vehicle (type 3-S2) with axle loads of 12 kips, 24 kips, 
24 kips, 24 kips, and 24 kips, and axle spacing of 16 ft, 4 ft, 16 ft, to 30 ft, and 
4 ft. To this loading, impact should be added according to the AASHO 
formula. This loading may be replaced by a uniform load of 800 Ib per lin ft 
for spans of less than 1,100 ft and 720 lb per lin ft for longer spans with moment 
concentrations of 60 kips for spans of less than 600 ft, 300 kips for spans of 
between 600 to 1,000 ft, and zero kips for spans greater than 1,000 ft and shear 
concentrations of 80 kips for spans of less than 600 ft, 40 kips for spans of 
between 600 ft to 1,000 ft, and zero kips for spans greater than 1,000 ft. No 
impact should be added to these loads. 

2. Additional Lanes.—One hundred percent of the load listed for a single 
lane is assumed in the lane nearest the truss being considered, 75% of the single- 
lane load in the lane farthest away from the truss being considered, and 25% 
of such load for a single lane in the other lanes. 


A comparison of this proposal with that of the authors is shown in Table 7. 


TABLE 7.—ComparIson oF STRESSES OBTAINED BY USE OF THE AUTHORS’ 
LOADING AND THE ProposED LOADING 


Live Loap Pirs Impact Srresses Tress 


Distance | Center-to- 
Span, in Number between | center dis- LoabiIne Avruors’ Loavine * 
feet of lanes curbs, in tance for 


Maximum 
Inoment, 
in kip-feet 


Maximum 
moment, 
in kip-feet 


Reaction, 
in kips 


Reaction, 
in kips 


305,000 


“ Assuming reduction for multiple lanes in accordance with AASHO specifications, For four-lane bridges 
maximum stress occurs with three lanes loaded. 


The authors’ proposal (for ultimate loads) appears to be low for two-lane. 
bridges and excessive for bridges of four and six lanes. 

A satisfactory live load is only part of a needed specification for the design 
of long-span highway bridges. The writer hopes the authors will continue 
their work in such a direction. 
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Wituram G. Byers,” J.M. ASCE.—The value of the author’s paper is 
10 Draftsman, Gulf, Colorado, and Santa Fe Ry. Co., Galveston, Tex. 

largely dependent on the value of the live loadings recommended in Table 4. 
These live loadings can best be evaluated by devising a standard of require- 
ments for design loads in general and comparing the proposed loadings with 
the standard loadings. 

It is suggested that the following requirements be used for the design loads: 
(a) The design load should produce stresses approximately equal to those 
caused by the maximum load that is likely to be carried by the structure. 
This maximum load should be estimated on the basis of the loads currently 
being carried by comparable structures with an allowance for probable future 
increases. (b) The design load should give only one value of live load for a 
given span length or loaded area. (c) The load pattern should be simple. 
(d) The design load should reflect actual conditions whereby the total live 
load never decreases with an increase in the span length. 

The author’s proposed loading will satisfy the first three requirements if the 
larger of the two given values is specified for span lengths at which the load 
changes. The loading satisfies the fourth requirement except for span lengths 
near those at which the load changes. For example, the total load decreases 
40,000 lb per lane as the span increases beyond 1,000 ft, and an additional in- 
increase of 66.7 ft is required to allow for the loss in total load. This condi- 
tion could be remedied by using the following: 

For spans of less than 500 ft, an H-20-S-16-44 loading should be used. 
This loading is represented by (1) w equal to 640 lb per ft, (2) the concentrated 
load for moment P,, equal to 18,000 lb, and (3) the concentrated load for 
shear P, equal to 26,000 lb. 

For spans of from 500 ft to 900 ft, w should equal 640 Ib per ft; P,, should 
equal 18,000 — 45(L — 500) = 40,500 — 45 L; and P, should be made equal 
to 26,000 — 65(L — 500) = 48,500 — 65 L. 

For spans of from 900 ft to 1,300 ft, w should equal 640 — 0.2 (L — 900) 
= 820 — 0.2 L, and P,, and P, should both equal zero. 

For spans that exceed 1,300 ft, w should equal 560 lb per ft, and P,, and P, 
should both equal zero. 

These recommendations are no more complex than the AASHO impact 
formula and could be combined with it, if desired, to give values of live load 
plus impact. 
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Kvuanc-Han Cuvu," A.M. ASCE.—There is no doubt that the loading 

1! Structural Designer, D. B. Steinman, Cons. Engr., New York, N. Y. 
specified in the existing (1953) AASHO specification is too high for long-span 
bridges, although there is some question as to the intensity that should be 
specified. The step loading suggested by the authors has some disadvantages. 
At the point where the loading changes from one step to another, the sudden 
changes in stress (although small in comparison to the total dead-load and live- 
load stress—but not small in comparison to the live-load stress) are neverthe- 
less inconsistent. The percentage change of stress when the influence lines 
are similar to those shown in Figs. 8(a) and 8(b) (as in continuous bridges or 
arch bridges) may exceed those predicated by the authors (8% of live-load 
stress or 2%. of total dead-load and live-load stress). Moreover, when the in- 
fluence line is similar to that shown in Figs. 8(a) and 8(), the higher intensity of 
loading for one step with shorter loaded length (Z,) may produce much greater 
stress than the loading in the next step With a loaded length between the zero 
points of the influence line (L.). A loading which varies continuously with 
loaded length is preferable to step loading. In Table 8 are included suggested 
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Fia. 8.—Typrs oF INFLUENCE LINES 


TABLE 8.—LoapinG Systems 


CONCENTRATED 
Loapine Type| FoR w Lane Loap, REMARKS 
tn Pounpbs 


480,000 For negative moment of con- 
1+1,600 18,000 tinuous spans (in Fig. 7(c) 
1 = Ll; + L2), two concentra- 
tions, each at a different span, 

shall be used. 


A, for moment | w = 400 + 


200,000 


B, for shear w = 440 + T+ 600 


Greater ' 330,000 For negative moment of con- 
than w = 430 700 tinuous spans (in Fig. 7(c) 
800 = + Ls), one concentra- 
tion of 18,000 Ib, placed so 
as to produce the maximum 

stress, shall be used. 


« The loadings A and B (used for spans of from 400 ft to 800 ft) can also be used for spans that are 
greater than 800 ft, but loading C is ‘simpler and therefore recommended. 


systems of loading which correspond closely with the authors’ loading system 
and the data presented. In Table 8, w is the uniform lane load in pounds per 
foot per lane. 
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The values given in Table 9 were obtained by using the loadings specified 


TABLE—9. EquivaLent Unrrorm Loap, Pounps Per Foor Per 


San Francisco- 
Avruors’ LOADING Saw Fra LoapIne Typr 


Loaded OAKLAND Bay Bripge 


length, 
in feet 
Moment Shear Maximum Average A 


400 5 725 730" 
600 660 678" 


800 645°" 
1,000 57? 620° 
1,200 601° 
1,500 5! 579° 
2,000 tee tee 551° 


3,000 ee eee 516° 
4,000 56 see eee 495° 


« Recommended values. » Alternative values. 


in Table 8 (based on a triangular-shaped influence line), the authors’ loading, 
and the maximum and average loadings of the San Francisco-Oakland Bay 
Bridge in California. 

Any concentration that is considerabley less than those concentrations 
specified by AASHO loses its significance in representing high concentration of 
axial load. Moving concentrations are useful in accounting for the effect of 
local load concentration in continuous bridges or arch bridges with influence 
lines similar to those shown in Figs. 8(a) and 8(6). The effect of the loads 
diminishes with increase in loaded length. With influence lines of the type 
shown in Fig. 8(6), loading B (with its high concentration) will produce ap- 
proximately the same stress as loading A or loading C for | greater than 1000 
ft. However, with influence lines of triangular shape (Fig. 8(d)), loading B 
is slightly less than loading A or loading C for / in that range (Table 9). With 
infiuence lines of the types shown in Figs. 8(d) and 8(e), the uniform loads of 
loading C will always give stresses equal to or higher than those given by 
loading A or loading B (for / greater than 800 ft). From the comparison shown 
in Table 9, it appears that, if continuous-loading curves should be adopted in 
some set of specifications, some loading system similar to that suggested by the 
writer may merit consideration, 


R. J. Ivy," A. M. ASCE, T. Y. Lin,™ M. ASCE, Stewart MitcHe tt," 


12 Superv. Bridge Engr., State Div. of Highways, Sacramento, Calif. 
13 Associate Prof. of Civ. Eng., Univ. of California, Berkeley, Calif. 
14 Prin. Bridge Engr., State Div. of Unghways, Sacramento, Calif. 


M. ASCE, N. C. Raas,'® M. ASCE, V. J. Ricney,'® A. M. ASCE, ann C. F. 


15 Projects Engr., San Francisco Bay Toll Crossing, Berkeley, Calif. 
16 Sen. Bridge Engr., San Francisco Bay Toll Crossing, Berkeley, Calif. 


Scuerrey,'’ J. M. ASCE.—The Joint Committee wishes to thank those who 
7 Asst. Prof. of Civ. Eng., Univ. of California, Berkeley, Calif. 

discussed the paper. The interest shown, and the variations in the proposed 

loadings, emphasize the need for a standardized live loading for highway 
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bridges; the various opinions expressed in these discussions will be of great 
value to any group writing such a specification. 

The writers restate their premise that the basis of a standardized live 
loading for long-span bridges should be the actual vehicles and trafic pattervs 
found on the highways. It is believed that a ‘“hand-picked”’ loading would be 
viewed with skepticism by the users of any such loads. 

It is also recommended that the loading be presented in a form easy to 
use and familiar to most designers. Equations, curves, or tables should not 
be required in order to determine the proper load for each different loaded 
length. The writers are of the opinion that the steps in their proposed loading 
result in an ease of application that outweighs the hypothetical inaccuracy 
resulting therefrom. 

Mr. Woodruff believes that the safety factors listed in the paper (Table 5) 
may be misleading. These factors were given as an example to illustrate the 
problem rather than as a definite conclusion. 

Any increase in live loading during a period of several years affects all high- 
way structures, and probably the only practical way of providing for a large 
increase in loading is either by strengthening the members of the structure or 
by decreasing the dead load. The latter procedure is probably the most 
practicable for long-span bridges and in most cases is accomplished in highway 
structures by the substitution of a lighter deck. 

Messrs. Byers and Chu are concerned with the steps in the writers’ 
proposed loading; both present alternate loadings in the form of equa- 
tions which result in a lane loading that varies inversely with the loaded 
length. The writers considered such loadings and rejected them because of 
the complexity of application and loss of identity with the present AASHO 
standard live loads (12). 

It should be noticed that the steps in the writers’ loading curves occur in 
loaded lengths of more than 600 ft, on which the live loads, when used with 
other loading combinations, are a small percentage of the total design load 
used in the proportioning of structural members. This loading was recently 
applied to a large structure, now (1954) in the course of construction, with no 
recalculation of stresses and with ease of application. 

The results in Table 9, based on live-load stresses, illustrate the close rela- 
tionship of the loadings with those actually used and suggested. The writers 
remain convinced that not less than the 560-lb lane load should be used for 
spans exceeding 1,200 ft as most structures in this range (site conditions 
permitting) are suspension bridges, for which dead loads are not considered in 
the proportioning of the stiffening truss members. 

As stated in the original paper, many related subjects must be considered 
before a comprehensive specification for long-span highway bridges can be 
formulated. As suggested by Mr. Balog, each subject, such as deflection, 
vibration, impact, and fatigue, merits a separate detailed study. The authors 
did not presume that their paper covered all phases of long-span bridge design. 
However, they believe that the adoption of a reasonable live loading for long- 
span bridges will lend impetus to the study of other conditions affecting 
structures. 
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DISCUSSION OF WIND LOADS ON TRUSS BRIDGES 
PROCEEDINGS-SEPARATE NO. 201 


J. M. BIGGS,* A.M. ASCE.—Prof, Farquharson has raised a very 
pertinent question regarding the validity of small scale wind tunnel tests 
when applied to wind loads on actual structures. 

The tests described in the paper were conducted at Reynolds’ Num- 
bers ranging from 18,000 to 70,000 using the average width of the truss 
members normal to the wind direction as the representative dimension. 
No variation of drag coefficient within this range was detected. A 100 
MPH wind on the prototype would correspond to a Reynolds’ Number of 
2,800,000. The results presented are of course applicable only if the 
drag coefficient is constant within the range of R which includes both 
model and prototype. 

Theory indicates that for sharp-edged elements such as flat plates 
or structural members one should expect a constant Cp throughout this 
entire range of R. Prof. Farquharson states that test data to verify 
this conclusion for flat plates are very meager. This is true of rec- 
tangular plates but considerable information is available for sharp- 
edged circular disks. These data verify the theoretical conclusion since 
the drag coefficient was found to be constant for values of R ranging 
from 5000 to 4,440,000, the latter being the maximum test value at- 
tained.’ This upper limit would include practically all truss bridges. 

The curve of Cp vs R for circular disks is almost identical in shape 
to that for a rectangular plate in the critical range below an R-value of 
approximately 5000 (see Prof. Farquharson’s Figure 1). It is more 
than probable that the two curves would be similar throughout and that 
the drag coefficient would be constant above this critical range. 

The major drag producing components in a truss bridge are the truss 
members. It is logical to assume that the Reynolds’ Number effect on 
these sharp-edged elements would be the same as on flat plates rather 
than being similar to the circular cylinder cited by Prof. Farquharson. 
It may therefore be concluded that test data on model trusses may be 
applied to full scale structures. The suggested test program on actual 
structural elements would be desirable, however, as further verifica- 
tion of this conclusion. 

One of the conclusions in the paper under discussion stated that it 
was apparently unnecessary to construct models that included minute 
details of fabrication. This conclusion was reinforced by a series of 


*Asst. Prof. of Structural Eng., Massachusetts Inst. of Technology, 
Cambridge, Mass. 
1. James M. Shoemaker, National Advisory Committee for Aeronautics, 
Technical Note No. 252 (1926). 
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tests conducted by Mr. Abraham Perera in the M.I.T. Wind Tunnel.? 
Mr. Perera constructed and tested truss models cut from plywood of 
various thicknesses. These models represented only a single truss and 
were identical in elevation to the brass truss shcwn in Fig. 2. The ele- 
vation area upon which the drag coefficient is based was the same for 
both plywood and brass models but the members of the plywood models 
were of solid rectangular cross-section and contained no structural 
details whatsoever. The results obtained were indicated in Table I. 


TABLE I 


Drag Coefficient 
a= 0 


Brass Truss (See Fig. 2.) 
Plywood Truss 3/8" Thick 
" 1/2" Thick 
5/8 " " 
4 " 
" 


Table I indicates that accurate drag coefficients for a single truss 
can be obtained using models having no structural details and simulat- 
ing only the outlines of the truss members. The thickness of the mem- 
bers of the brass truss was 5/8" —this dimension being consistent with 
the scale of the model. Plywood models of this thickness or less gave 
very good results but larger thicknesses produced somewhat smaller 
coefficients. The conclusion implied is that the thickness of the model 
should be approximately to scale but the results are not particularly 
sensitive to this dimension. 

The total load on the entire structure is given by the equation: 


v2 
H = (CgA7y) 


The coefficient C, for which curves have been given (see Figs. 7-10) 
is not appreciably affected by the type of truss. The nature of the truss 
as reflected in the coefficient Cp is the predominate influence on the 
total load. These tests on simple plywood models indicate that Cp for 
a particular truss type may be determined very simply and inexpen- 
sively. By this procedure, the difficulties in the experimental deter- 
mination of wind loads on a complete bridge may be greatly reduced. 


2. “Wind-Tunnel Testing of Simplified Bridge Truss Models” M.I.T. 
Thesis (B.S.), January, 1954. 
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DISCUSSION OF THE AMPLIFICATION OF 
STRESS IN FLEXIBLE STEEL ARCHES 
PROCEEDINGS-SEPARATE NO. 245 


ROBERT S. ROWE,* A.M, ASCE,—The discussion by Mile S. Ketchum 
adds materially to the paper in presenting additional evidence in com- 
paring the results of the amplification of stress by a simplified and 
more precise method. The author agrees with Mr. Ketchum that the 
use of the amplification chart should be very helpful in making a pre- 
liminary estimate of the amplification of stress in steel arches, espe- 
cially for problems where time-consuming studies may be indicated. 


*Associate Prof., Dept. of Civ. Eng., Princeton Univ., Princeton, N. J. 
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DISCUSSION OF LATERAL BUCKLING OF I BEAMS 
UNDER THRUST AND UNEQUAL END MOMENTS 
PROCEEDINGS-SEPARATE NO. 291 


ROBERT V. WHITMAN,* J.M. ASCE.-— At approximately the time 
when the studies described in this paper were carried out, the writer 
also undertook a brief investigation of the lateral buckling of simply 
supported single span beams loaded by axial thrust and unequal end 
movements.’ The method of Stodola and Vianello was used in these 
studies with the deflections u and 8 represented by two or in some cases 
three terms of sine series. The solutions, although not carried out with 
as much accuracy as those obtained by the author and for but two values 
of the (?/a? parameter, are in substantial agreement with the author’s 
results and thus afford a gratifying check. 

The eleven graphs presented by the author can effectively be com- 
bined into a single graph by using a generalization of the author’s equa- 
tion 1. In Figure A the author’s results have been replotted using the 
ratio M/Mc¢, for the abscissa, where now Mc; is the critical value of 
M, when no axial thrust is present. The portions of the curves for 
r = -0.8 shown dotted could not be determined directly from the author’s 
solutions and their trend is based upon numerical values obtained by 
the writer during his investigations. Equation 1, represented by the 
curve for r = 1, is a parobola and as shown by Johnston(2) is independent 
of the value of the parameter {7/a*. The interaction curve for r = 0.5 
differs by so little from that for r = 1 that the difference does not ap- 
pear on the graph, and even for r = 0 the position of the interaction 
curve has shifted only slightly. Moreover, for values of r down to -0.8 
variations of the parameter (*/a’ from 0.1 to infinity cause only small 
shifts in the interaction curve positions. In fact the interaction curves 
for values of {(*/a* between 0.1 and 100 are so identical that their dif- 
ferences could not be shown on the graph. It is only when r approaches 
-1 that differences in (*/a” cause significant changes in the interaction 
curves. 

This composite set of curves shows in a clear manner the effect of 
unequal end moments upon the shape of the interaction curve. It should 
be of considerable practical interest to know that the curves for values 
of r between one and zero differ by so little, and that the effect of the 
parameter (?/a? is generally small. 


*Assistant Prof. of Soil Mechanics, Massachusetts Inst. of Technology, 
Cambridge, Mass. 

1. Whitman, R. V., “Flexural - Torsional Buckling of Eccentrically 
Loaded Columns”, submitted in partial fulfillment of the requirements 
for the degree of Doctor of Science, Massachusetts Institute of Tech- 
nology, September 1951 (Unpublished). 


480-31 


| 

| 


The conditions which lead to the sharp breaks in the interaction 
curves for r = -1 are worthy of further comment. The two branches 
of the curves represent two different modes of buckling. The branches 
running along the top part of the graph correspond to solutions in which 
the deflection u is symmetrical with respect to midspan and the rotation 
B is antisymmetrical. The reverse conditions are present in the solu- 
tions represented by the branches ascending along the left side of the 
graph. As might be expected the solution with u symmetrical is criti- 
cal when thrust is more predominant than bending, with the reverse 
condition when the bending movements are predominant. If the ascend- 
ing branch of the interaction curve for r = -1 were to be extended to 
value greater than P/Pc,y = 1, it would meet the vertical axis at 
P/Pcy = 4, corresponding to second mode of the Euler buckling condition. 


MICHAEL R,. HORNE,*.-— The author quotes an expression (equation 
(1)) for critical combinations of end thrust P and equal end moments 
M as obtained by Timoshenko and Johnston. This solution does not 
allow for the reduction of torsional rigidity due to end thrust. The 
complete solution (Bleich(?), Goodier(8) and Hall and Clark(10)) is, in 
terms of the author’s notation, 


| 


The results given by Professor Salvadori for the case r = 1 should 
agree with this equation. It will however be seen that K cannot be 


2 
expressed as a function of p (- ) and since the term (1 


is involved. Investigation of Professor Salvadori’s Tables shows that 
he has assumed the term (1 - Fe) to be equal to unity. Since the same 


term occurs in the interpretation of the symbol K, and is not there 
assumed to have unit value, the treatment is illogical, although it does 
give an answer on the safe side. Results deduced from the Tables will 


therefore only be “accurate” provided ae is small compared with unity, 


2 
or when —, is large compared with 77”. 
a 

It is possible to obtain an approximate expression for critical com- 
binations of axial load and unequal end moments, thus avoiding the use 
of extensive Tables. It follows from a paper by Worthington( 1) that, 
if Mc, is the critical value of the larger end moment when the axial 
load is zero, and P, is the Euler load for failure about the minor axis, 
then the following formula gives safe combinations of M, and P. 


*Department of Engineering, University of Cambridge. 
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(Me AC 
Mey Oh? (30) 
“(4 2c 


The value of Mer depends on the ratio r of the end moments, the tor- 
sional rigidity C and the warping rigidity .. If it were assumed that 


D = 0, the value of M,,; would be given by Moy = F(7r) where F is 

a function of r only (when te 1, F=7*). If C= 0, them Mcy would be 
2 

given by Mc? =F )where F’ is also a coefficient depending 


upon r. Worthington shows that a safe value of Mcr when neither C 
nor D are zero is given by 


2 2 
2 
= —_ 1 
Mer = + (5 
2 
Hence, using Professor Salvadori’s notation (K = Mf a? = Da 
2¢ 
VBH 
equation (30) becomes 
(32) 


The values of F and F? are given in Table 12. When r = 1, F = F!= 7? 
and equation (32) becomes identical with (29). Hence, equation (32) 
gives accurate results for uniform bending about the major axis, and 
conservative results when -1< r <1, 


2 
If the value of ef is small compared with unity, or if > is appre- 


ciably larger than 7*, equation (32) reduces to the simpler form 
2 P 
)(F+r wis (33) 


The percentages by which K as obtained from equation (33) falls below 
the values quoted in Tables 1 to 11 is illustrated in Tables 13 and 14. 


2 
These give results for r = 1.0, 0.5, 0, -0.5 and -1.0, and for & = 0.1, 


ia 10, 100 and «©. Table 13 corresponds to z" = 0 and Table 14 to 

= 0.6. Results are quoted to the nearest e- percent. It will be 
e 

seen that the approximate formula gives results sufficiently accurate 
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for practical purposes when the value of r is positive, but not when it 

is negative. This is due to the fact that the fundamental modes of lateral 
deflection when bending moments act alone and when axial load acts 
alone respectively are similar when r is positive, but become increas- 
ingly dissimilar as r approaches -1. 


REFERENCES 


10. Hall, H. N. and Clark, J. W. “Laterial Buckling of Eccentrically 
Loaded I-Section Columns”. Trans. A.S.C.E. Vol. 116 (1951), 
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11. Worthington, P. M. “The Elastic Stability of Straight I-beams Sub- 
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1954), p. 46. 
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Table 12 


Values of the constants 


equations (352) and (43) 
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F and F' 


in 


1.0 9.87 9.87 
0.9 10.96 11.44 
0.8 12.11 12.78 
0.7 13.54 14.10 
0.6 15.13 : 15.50 
0.5 16.97 17.16 
0.4 19.10 19.22 
0.3 21.53 21.82 
0.2 24.30 25.10 
0.1 27.46 29.14 
30.9 34.0 
34.8 39.8 
~ 39.1 44.3 
- 0.3 43.7 53.4 
- 0.4 48.6 60.8 
= 0.5 53.6 67.9 
- 0.6 58.7 74.3 
- 0.7 63.4 78.9 
- 0.8 67.1 81.0 
- 0.9 68.1 79.7 
~ 64.5 74.1 
— 


Table 13 


Table 14 


Percentages by which K estimated from equation 


(33) falls below results given by Salvadori. 
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P 
| 
| 
0.1 1.0 10 100 co 
1.0 0 0 0 0 
0.5 0 0 0 0 \ 
0 0.5 0.5 1.5 1.5 0 : 
al 0.5 0.5 1.0 3.5 3.0 0 
> 1.0 0 0.5 3.0 1.5 0 
P 
= 0.6 
0.1 1.0 10 100 oo 
1.0 0 0 
0.5 0.5 0.5 0.5 0.5 0.5 
3.5 4.0 5.0 6.0 565 
pail 0.5 15.5 16.0 18.5 18.5 17.0 
- 1.0 31.5 32.0 33.5 32.5 31.5 


MARIO G. SALVADORI,* M. ASCE.— The form of interaction curves 
suggested by Mr. Whitman is very illuminating. It not only allows a 
more concise graphical presentation of the writer’s results, but indi- 
cates the important physical fact that for values of the ratio r between 
zero and one, the interaction curves are insensitive to the values of the 
parameter {?/a’. 

In a paper currently in preparation, the writer plans to present in 
this form additional interaction curves for conditions of support other 
than “simple support” in the weaker plane. Of course, the graphs of 
Mr. Whitman must be used in connection with a table of critical values 
of M, for p = 0, which should appear, possibly, in a corner of the 
graphical presentation. 

The results obtained, in an approximate fashion by Mr. Horne do not 
seem to be of interest for the following reasons: 


1) The advantage of a concise presentation is available in connection 
with accurate results as soon as the writer’s curves are com- 
bined as suggested by Mr. Whitman. 

2) The approximate results obtained by Mr. Horne are much too 
conservative as soon as r is less than zero, as shown by his 
computations. 

3) The weakening of the beam due to pure torsional buckling under 
thrust is of no practical importance, since the critical thrust for 
pure torsional buckling is very high for the type of beams to which 
the writer’s results are to be applied in design. Moreover, Mr. 
Horne is referred to the statement by the writer indicating how 
to obtain in a very simple manner a more accurate value of the 
critical moment, i.e., of the factor K, in those rare cases in which 
torsional buckling becomes significant. Such statement appears 
in the third paragraph on p. 6 of the Separate. 


CORRECTIONS FOR TRANSACTIONS, In Eq. 1, the first term 
should not be squared, the correct expression being as follows: 


Por Mer 


2 
=1 (1) 


*Prof. of Civ. Eng., Columbia Univ., New York, N.Y. 
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